We study surface effects of neutron 3 P2 superfluids in neutron stars. 3 P2 superfluids are in uniaxial nematic (UN), D2 biaxial nematic (BN), or D4 BN phase, depending on the strength of magnetic fields from small to large. We suppose a neutron 3 P2 superfluid in a ball facing to the boundary at the surface sphere. Adopting a suitable boundary condition for 3 P2 condensates, we solve the Ginzburg-Landau equation to find several surface properties for the neutron 3 P2 superfluid. First, the phase on the surface can be different from that of the bulk, and symmetry restoration/breaking occurs in general on the surface. Second, the distribution of the surface energy density has an anisotropy depending on the polar angle in the sphere, which may lead to the deformation of the geometrical shape of the surface. Third, the order parameter manifold (OPM) induced on the surface, which is described by two-dimensional vector fields induced on the surface from the condensates, allows topological defects (vortices) on the surface, and there must exist such defects even in the ground state thanks to the Poincaré-Hopf theorem: although the numbers of the vortices and anti-vortices depend on the bulk phases, the difference between them are topologically invariant (the Euler number χ = 2) irrespective to the bulk phases. These vortices which are not extended to the bulk are called boojums in the context of liquid crystals and helium-3 superfluids. The surface properties of the neutron 3 P2 superfluid found in this paper may provide us useful information to study neutron stars.
anisotropic distributions of the surface energy density on the neutron star, and present the emergence of the topological defects (vortices or boojums) on the surface. The final section is devoted to our conclusion and perspectives. In Appendix A, we show explicit forms of the Euler-Lagrange equation from the GL equation. In Appendix B, we briefly summarize the symmetries of the neutron 3 P 2 superfluidity. In Appendix C, we show the numerical results of the profile functions in the condensate.
II. FORMALISM
A. Ginzburg-Landau equation
The condensate of the neutron 3 P 2 superfluidity can be expressed by a symmetric and traceless three-by-three tensor A as an order parameter of the symmetry breaking. The components of A are denoted by A ab with the indices a = 1, 2, 3 for the spin indices and b = 1, 2, 3 for the space indices. The Ginzburg-Landau (GL) equation can be obtained by integrating out the neutron degrees of freedom and by adopting the loop expansion for the small coupling strength in the 3 P 2 interaction for two neutrons [43-50, 70, 71] . The GL equation is valid in the region in which the temperature T is close to the critical temperature T c0 ; |1 − T /T c0 | 1, where T c0 is determined at zero magnetic field. The concrete form of the GL free energy reads
as an expansion in terms of the condensate A and the magnetic field B. Each term is explained as follows. The first term f 0 is the sum of the free part and the spin-magnetic coupling term
with ξ ± p = ξ p ± |µ n ||B| and ξ p = p 2 /(2m) − µ for the neutron three-dimensional momentum p, the neutron mass m and the neutron chemical potential µ. The bare magnetic moment of a neutron is µ n = −(γ n /2)σ with the gyromagnetic ratio γ n = 1.2 × 10 −13 MeV/T (in natural units, = c = 1) and the Pauli matrices for the neutron spin σ. The following terms include the condensate A: f (0) 8 [A] consists of the terms including the field A up to the 8th order with no magnetic field, F (≤4) 2 [A] consists of the terms including the field A up to the 2nd order with the magnetic field up to |B| 4 , and f (≤2) 4
[A] consists of the terms including the field A up to the 4th order with the magnetic field up to |B| 2 . We show their explicit forms:
for the gradient term (summed over the repeated indices) and 
for the potential and interaction terms. 6 The trace (tr) is taken over the spin and space indices of A. The coefficients are given by 
We denote N (0) = m p F /(2π 2 ) for the state-number-density at the Fermi surface and |µ * n | = (γ n /2)/(1 + F a 0 ) for the magnitude of the magnetic momentum of a neutron modified by the Landau parameter F a 0 . Notice that µ * n is different from the bare magnetic moment of the neutron µ n . It may be worthwhile to remember that the interaction between the neutron and the magnetic field (B) supplies the energy splitting by the interaction Hamiltonian −µ The plane on the surface for the normal vector n = (n1, n2, n3) with n1 = sin θ cos ϕ, n1 = sin θ sin ϕ, and n3 = cos θ is presented for the neutron star. d is the distance from the surface position toward the center of the neutron star. The direction of the magnetic field is along the x2-axis.
normal state (A = 0). Thus, we do not consider explicitly the contribution from f 0 in Eq. (2), and hence we will neglect f 0 in the following discussion.
with ∇ d = ∂/∂d. We emphasize that n is assumed to be a constant vector and hence the derivatives with respect to θ and ϕ are not included in Eq. (9). With the above-mentioned coordinate setting, we obtain the Euler-Lagrange (EL) equations for A,
The concrete expressions of the left hand sides are presented in detail in Appendix A. We impose the boundary conditions at d = 0 and d → ∞ for the EL equations. On the surface (at d = 0), we adopt the condition that A(0)
as the boundary condition. This is consistent with the condition presented by Ambegaokar, de Gennes, and
Rainer [74] . 7 At the center of the 3 P 2 condensate (at d → ∞), on the other hand, we require that the state approaches the bulk state, and hence that the condensate values should satisfy
= 0, and 
C. Dimensionless form
For the convenience of the analysis, we introduce the dimensionless quantities,Ã, f α (α = 1, 2), g β (β = 1, 2, 3), b, and x defined byÃ
instead of A, F α , G β , B, and d. Notice thatÃ =Ã(x), f α = f α (x), and g β = g β (x) are regarded as functions of the dimensionless distance x. With these new variables, we obtain the dimensionless form of the GL free energy,
, which is given from f [A] by replacing A, F α , G β , B, and d toÃ, f α , g β , b, and x as well as by replacing the 4) , and γ (2) to the dimensionless ones,
In this reference [74] , the authors considered the surface with n = (0, 0, 1) and concluded that, among the components in the matrix 
with the normalized temperature
The boundary condition at x = 0 (i.e., d = 0) is expressed by n tÃ (0)n = 0.
III. NUMERICAL RESULTS
In the numerical calculation, we use the parameter setting: the critical temperature T c0 = 0. 3 He liquid at low temperature. We consider without loss of generality that the magnetic field is applied along the x 2 -axis: B = (0, B, 0) or b = (0, b, 0). This direction is chosen to minimize the total energy when the matrix A (Ã) is expressed in the conventional form as it will be shown in Eq. (17) .
A. Phase diagram in bulk space
Before investigating the surface effect, in this subsection, we analyze the phase diagram in the ground (uniform) state in the bulk space (d → ∞), by neglecting the gradient term in the GL free energy (1). In the bulk space, we can express conventionally the order parameterÃ as a constant matrix expressed in the diagonal form:
where f A bulk byÃ
with the magnitudeÃ 0 ≥ 0 and the internal parameter −1 ≤ r ≤ −1/2. Both expressions are related through (orÃ 0 and r) 8 .
We show the obtained phase diagram in Fig. 2 . We observe that there exist the UN phase at zero magnetic field (b = 0), and the D 2 -BN phase at weak magnetic field, and the D 4 -BN phase at strong magnetic field. Their phase boundaries are the second order phase transition, except for the first order phase transition at the low temperature (t ≈ 0.772) indicated by the green line in Fig. 2 . Such the first order phase transition was found recently when the 8th order term (δ 0 term) is included in the GL equation [71] . 9 It is worthwhile to mention that the existence of the first order phase transition in the GL equation qualitatively agrees with the result from the analysis by the BdG equation [64] .
In the following subsections, we will consider the surface effects on the neutron 3 P 2 superfluidity. We suppose three cases as the typical phases for the bulk space at x → ∞ (i.e., d → ∞). We choose the temperature t = 0.9 and change the values of the magnetic field for each phase. We show the used numerical parameter for the magnetic field We have considered that the strength of the magnetic field can reach maximally B ≈ 10 15 G (10 11 T) at the surface of the magnetars. 10 From Eq. (13), we obtain b = 0.24 for B = 10 15 G. We denote these three cases of (i), (ii), and (iii) by the circle, the square, and the triangle, respectively, in the phase diagram in Fig. 2 .
B. Symmetry near surface
For the situations (i), (iii), and (iii) in the previous subsection, we solve the EL equations (10) and (11) with the boundary conditions, i.e., n tÃ (0)n = 0 at x = 0 from Eq. (12) andÃ(x) →Ã bulk in the bulk space (x → ∞). We plot the obtained profile functions
, and g 3 (x) for several choices of the surface direction n = (n 1 , n 2 , n 3 ) (θ and ϕ) in Figs. 6, 7, and 8 in Appendix C. We observe that the profile functions approach to constant values in the bulk space as the boundary condition at x → ∞, while they change drastically in the region x < ∼ 1 near the surface. We notice that the typical values of the healing distance from the surface is expressed by r ≈ ξ (i.e., x ≈ 1) with ξ = p F /(mT c0 ) 360 fm for p F = 338 MeV and T c0 = 0.2 MeV. The changes of the profile functions induce the symmetry breaking near the surface. This can be seen directly by transformingÃ(x) into the diagonal form with some appropriate unitary matrix U (x) at each position x:
withÃ 0 (x) ≥ 0 and −1 ≤ r(x) ≤ −1/2. Notice thatÃ 0 and r are the functions of the position x, as they have been the constant values in the bulk space (cf. Eq. (17)). We plot r(x) in Figs. 9, 10, and 11 in Appendix C for the bulk conditions (i), (ii), and (iii). We confirm that r(x) is dependent on x, and that there exist various phases, i.e., the UN phase (r(x) = −1/2), the D 2 -BN phase (−1 < r(x) < −1/2), and the D 4 -BN phase (r(x) = −1), different from those in the bulk.
The symmetry restoration/breaking near the surface can be understood in a reasonable way. First of all, we notice that the boundary condition at the surface, n tÃ (0)n = 0 in Eq. (12), does not allow the general transformation of spin and space forÃ(0), because n is a fixed vector in space. Thus, the symmetry cannot be generally maintained from the bulk to the surface, and it should exhibit the variation near the surface. However, there are some exceptional cases that the symmetry is maintained from the bulk to the surface: n = (0, 0, 1) (θ = 0 and ϕ=0) with the bulk UN phase and n = (0, ±1, 0) (θ = π/2 and ϕ = π/2, 3π/2) with the bulk D 4 -BN phase. In both cases, the profile functions are constant at any x, and hence the symmetry is kept to be invariant, as it is shown in Figs. 6 and 
as they are displayed graphically in Fig. 3 . We notice that the UN points appear only for the bulk UN phase, and neither for the bulk D 2 -BN phase or the bulk D 4 -BN phase.
C. Energy density and topological defects on surface
We consider the surface energy density which is defined by the energy density per unit area on the surface. The surface energy stems from the gradient term and the difference between the potential value near the surface and the potential value in the bulk space. With the solutions of f α (x) (α = 1, 2) and g β (x) (β = 1, 2, 3) from the EL equations (10) and (11), we obtain the surface energy density expressed as
for ∆f (d; n) = f (d; n) − f bulk with the GL free energy density f bulk in the bulk space (d → ∞). In the last equation, for the convenience, we have defined the dimensionless surface energy density bỹ
for ∆f (x; n) =f (x; n) −f bulk with the dimensionless GL free energy densityf bulk in the bulk space (x → ∞). show the numerical results of the distributions of the surface energy densityσ(n) on the plane spanned by θ and ϕ in the top column in Fig. 4 . For the bulk D 4 -BN phase, for example, the minimum surface energy density (σ(n) = 0) is realized at the point n = (0, ±1, 0) (θ = π/2 and ϕ = π/2, 3π/2). Notice that the zero density is reasonable because there is no change in f α (x) (α = 1, 2) and g β (x) (β = 1, 2, 3) as it was discussed in the previous section. In this situation, because the magnetic field is applied along the x 2 -axis, it is expected that the shape of the surface of the neutron star should be deformed to be an oblate spheroid with the short axis being aligned along the x 2 -axis when the surface shape can be changed according to be balanced with the Fermi pressure and the gravity. In Fig. 4 , we 11 Here we recover n to emphasize that the surface energy density depends on the direction of the normal vector. and the D4-BN phase). E surf = 4πR 2 σav is the surface energy in total for the neutron star with the radius R = 10 km. The energy unit conversion 1 keV ≈ 2.0 × 10 −9 erg is used. The last column indicates the geometrical symmetries for the spatial distribution of the energy density on the surface.
observe that the geometrical distribution of the surface energy density on the sphere obeys the dihedral symmetries as the subgroup of the spherical symmetry: the D 4 symmetry for the bulk UN phase, the D 2 symmetry for the bulk D 2 -BN phase, and the D 4 symmetry for the D 4 -BN phase, as they are summarized in Table II .
We estimate the averaged values of the surface energy density. For this purpose, we define the averaged values of
From the values shown in Table II , they are almost close to σ av ≈ 0.2 keV/fm −2 for each bulk phase. Among them, the minimum surface energy is provided by the bulk D 4 -BN phase. With the values of σ av , we obtain the surface energy in total, E surf = 4πR 2 σ av , for the neutron star with the radius R. Numerically, we obtain E surf ≈ 6 × 10 29 erg for R = 10 km. The values of E surf for each bulk phase are summarized in Table II .
The directions of the condensate A at the surface have unique topological properties. In order to see this, we define the vector A n (θ, ϕ) ≡ A(0)n with the normal vector n at the surface (A(0): a 3 × 3 matrix).
There are two remarks: First, we remember that the d-vector is defined by Ap withp = p/|p| for the threedimensional momentum p. Because the axis direction perpendicular to the surface is considered to be a onedimensional system, we reasonably regardp = n, and hence conclude that A n (θ, ϕ) (Ã n (θ, ϕ)) is the same as the d-vector at the surface.
Second, we also comment that, precisely to say, the vector field A n parameterizes an order parameter space reduced at the boundary. Namely, at the boundary, the order parameter space is reduced due to the boundary condition to its submanifold
where two S 1 's denote the U(1) phase and the spatial rotation around n, and Z 2 = {1, −1} is introduced for removing identical two points; a simultaneous transformation of a π phase rotation and a π spatial rotation around n does not changes the order parameters and should be removed. Since we restrict A to real-valued, A n (θ, ϕ) is a real vector parametrizing one S 1 , and A n (θ, ϕ) is a two-dimensional vector on the plane orthogonal to the normal vector n because n·A n (θ, ϕ) = 0 is induced from the boundary condition (12) . This two-dimensional vector can be expressed for n θ and n ϕ defined by n θ ≡ ∂n/∂θ and n ϕ ≡ ∂n/∂ϕ, respectively. Notice that n θ and n ϕ are the unit vectors perpendicular to each other and also to n, i.e., n · n θ = n · n ϕ = n θ · n ϕ = 0. We show a plot ofÃ n = (Ã θ ,Ã ϕ ) on the plane spanned by θ and ϕ (0 ≤ θ < π and 0 ≤ ϕ < 2π) in the bottom column in Fig. 4 . Interestingly, we observe that there exist topological defects (vortices) on the plane. Each defect has a positive or negative charge ±1.
The charges of the defects are defined according to the circulating directions of the vector fields as they are shown in Fig. 5 . We denote the total positive (negative) charge by χ + (χ − ). In Table III , we summarize the values of χ + and χ − for each bulk phase: χ + = 10 and χ − = −8 for the bulk UN phase, χ + = 12 and χ − = −10 for the bulk D 2 -BN phase, and χ + = 8 and χ − = −6 for the bulk D 4 -BN phase. We define χ = χ + − χ − to denote the difference between χ + and χ − . Importantly, we find that χ = 2 is realized uniquely for all the different bulk phases. This is an inevitable consequence of a topological property of two-dimensional vector fields on a sphere, i.e., the Poincaré-Hopf (hairy ball, no-wind) theorem. We consider a vector field v with isolated zeros on a two-dimensional manifold M.
Then, the Poincaré-Hopf theorem insists the relation
where index xi (v) is the index (±1 charges) of v at the position x i of isolated zeros on M, Σ i indicates a sum over all the isolated zeros (i), and χ(M) is the Euler characteristic of M. χ(M) = 2 if M is a sphere S 2 relevant for us.
For example, for the bulk UN phase, we have i index xi (A n ) = 8 + (−6) = 2 which is indeed identical to χ = 2.
This relation is checked for the bulk D 2 -BN phase and for the bulk D 4 -BN phase. Therefore, we understand that χ = 2 should hold for any bulk phases. On the other hand, χ + and χ − can vary according to the symmetries in the bulk phases. In order for that χ = 2 holds, there should happen creations or annihilations for a pair of vortices with charges ±1. From Table III , we read that two pairs of vortices are created from the bulk UN phase to the bulk D 2 -BN phase, and that four pairs of vortices are annihilated from the bulk D 2 -BN phase to the bulk D 4 -BN phase.
The final comment is that vortices induced on a boundary are called as boojums in the context of liquid crystals [73] and the 3 He superfluids [67, 79] . The interesting is that these boojums do not extend to the bulk since closed 
IV. CONCLUSION AND PERSPECTIVES
We have studied surface effects of the neutron 3 P 2 superfluidity in the UN, D 2 -BN, and D 4 -BN phases in the neutron stars. We have supposed the situation that the neutron 3 P 2 superfluid exists in the large ball with a spherical boundary, and introduced the boundary condition suitably for the condensate at the surface sphere. Solving the GL equation with the boundary condition, we have found several interesting properties for the surface effects of the neutron 3 P 2 superfluid. First, we have shown that the symmetry in the bulk space can be restored or broken to other symmetries at the surface. Second, the distribution of the surface energy density on the sphere has an anisotropy depending on the polar angle. It will lead to the geometrical deformation of the surface of the neutron 3 P 2 superfluidity from the spherical shape to an oblate spheroid. Third, we have investigated the two-dimensional vector field defined from the condensate at the surface, and have shown that there must exist topological defects (vortices) with the charges ±1 on the sphere. It should be emphasized that those defects appear in the ground state but not as an excited state. While the number of the defects (vortices) is dependent on the symmetries in the bulk phases, i.e., the UN, D 2 -BN, and D 4 -BN phases, the difference between the numbers of the defects with a charge +1 and charge −1 remains to be topologically invariant (χ = 2) thanks to the Poincaré-Hopf theorem. These vortices are called boojums in the context of liquid crystals and 3 He superfluids.
In the present study, we have considered the simplest situation for the boundary condition for the neutron 3 P 2 superfluidity. In a more realistic situation, however, the neutron 3 P 2 superfluid can face with a neutron 1 S 0 superfluid as well as with nuclear crusts composed of the lattice of the neutron-rich nuclei. At the deeper inside in the neutron stars, a connection of the neutron 3 P 2 phase to the other exotic phases such as hyperon matter, quark matter and so on should be interesting. It is one of the important questions to ask how the topological objects are connected between those phases. When a neutron star rotates, Abelian quantum vortices in the hadron matter and non-Abelian quantum vortices (color magnetic flux tubes) [83] [84] [85] in the quark matter can be connected through colorful boojums (endpoints of vortices) [86] [87] [88] [89] (see Ref. [90] for a review of non-Abelian quantum vortices). These boojums are different from those studied in this paper. Although we have limited ourselves to the BN, D 2 -BN, and D 4 -BN phases for the neutron 3 P 2 superfluid, it will be also important to study a possibility of the cyclic and ferromagnetic phases [66, 69] . The former phase can lead to one-third quantized non-Abelian vortices [91] forming a network in collision [92] , while the latter phase could be relevant to inner structures of magnetars. In terms of the topological matter, the cyclic and ferromagnetic phases have gapless Weyl fermions in the bulk (Weyl semimetals) [64, 93] . The above mentioned subjects should be studied carefully in future. 
Appendix A: Euler-Lagrange equations
We present the concrete expressions of the left-hand sides in the EL equations (10) and (11):
for
for G 2 , and
for G 3 .
Appendix B: Symmetries
We summarize the properties of the symmetries of the order parameter A in Eq. (17) . First of all, we remember that A possesses the symmetry
in the Lagrangian, where e iα ∈ U(1) and O(θ, n), O(θ , n ) ∈ SO(3) with n (n ) the rotation axis and θ (θ ) the respectively. We will give the concrete forms of those symmetries in the following. For r = −1/2, the order parameter A(x) is written as
This is invariant under the rotation around the x 3 -axis A UN (x) → O(θ)A UN (x )O t (θ) with e iα = 1 (α = 0), where
with the rotation angle θ (0 ≤ θ < 2π). This is the uniaxial nematic (UN) phase. The rotation in the spin space and the rotation in the real space is locked to each other, O(θ, n) = O(θ , n ) with n = n and θ = θ . The locking also occurs for the BN phase.
2. D2-BN phase (−1 < r < −1/2) For −1 < r < −1/2, the order parameter A(x) is written as
This is invariant under the D 2 symmetry. The generators of the D 2 group are given by
with e iα = 1 (α = 0), 1 3 is a unit matrix, and I 1 , I 2 , and I 3 are defined by
I i (i = 1, 2, 3) indicates a π-rotation around the ith axis. We confirm it easily that A D2BN (x) is invariant under the
3. D4-BN phase (r = −1)
For r = −1/2, the order parameter A is written as
This is invariant under the D 4 symmetry. The generators of the D 4 group are given by
where 1 3 and I i (i = 1, 2, 3) have been defined in the D 2 group, and R 2 is newly defined by
R 2 indicates the π/2-rotation around the 2nd axis (x 2 -axis). It should be noted that the phase e iα = 1, −1 ∈ Z 2 (α = 0, π) is locked with the spin rotation and the spatial rotation. We confirm it easily that A D4BN is invariant under
. This is the D 4 -biaxial nematic (D 4 -BN) phase. 
